Abstract-This paper combines the well-known linear quadratic Gaussian (LQG) control and frequency-adaptive resonators and presents a frequency-adaptive multiresonant LQG state-feedback current controller for LCLfiltered voltage-source converters connected to a distorted grid. The paper also provides a design guideline and procedure based on robust control criteria, which, in combination with the linear quadratic regulator technique, offers flexibility in the control structure and automatizes the design of the controller. The frequency-adaptive resonators, based on second-order IIR resonators and on an online tuning algorithm, and the robustness criteria considered for the design process offer robustness in the face of grid voltage disturbances. The controller is evaluated and validated in a 9-kVA voltage-source converter (VSC) setup configured as a rectifier.
loads from inductive and resistive to capacitive and nonlinear [1] and impacts power quality issues, especially harmonics, which becomes a concern in low-and medium-voltage distribution networks [2] .
In the scientific literature, there are three main groups of solutions for harmonic rejection: repetitive controllers, resonant controllers, and grid-voltage feedforward controllers. Repetitive controllers [3] offer a low complex solution for compensating multiple harmonics. However, they may amplify high-frequency disturbances [4] , do not guarantee stability by themselves being necessary to use an additional controller, and the behavior of the system phase is critical [5] . Conversely, resonant controllers allow performing a selective harmonic compensation. Operating in stationary reference frame (StRF) or synchronous reference frame (SRF) (or mixed), they are mainly based on the use of continuous second-order generalized integrators (SOGI) [6] , [7] or reduced-order generalized integrators (ROGI) [8] . The main drawbacks of resonant controllers are the stability issues that appear due to the phase lagging when compensating high-order harmonics what reduces the number of resonators that can be used [5] . The third group of algorithms is based on the feedforward of the grid voltage [9] and its main drawbacks are the introduction of multiple derivative terms that make its implementation and its sensitivity to weak-grid conditions difficult [10] . To overcome these drawbacks, adaptive solutions based on impedance shaping methods have been proposed [10] , [11] , although they are still limited to low-order harmonics.
Grid codes require continuous operation for a frequency band around the nominal system frequency (49-51 Hz) in 50-Hz systems and to keep on operating during short periods of time in a wider band (47-53 Hz) [12] . In harmonic controllers, these frequency deviations affect the control performance and degrade the power quality. Frequency-adaptive solutions avoid that issue [13] . Frequency-adaptive repetitive controllers based on variable sampling frequency [14] or fractional delays [15] have been proposed. In respect to frequency-adaptive resonant controllers, in [16] , an StRF ROGI-based state-feedback current control was proposed for controlling an L-filtered voltage-source converter (VSC). Other frequency-adaptive controllers proposed for the L-filtered VSC considered the use of continuous-time SOGI resonators [17] or a digital implementation based on a first-order Taylor series [18] . Considering the LCL-filtered VSC, GonzalezEspin et al. [19] proposed an StRF frequency-adaptive resonant controller based on IIR Schur-lattice filter structures.
The linear quadratic regulator (LQR) or the linear quadratic Gaussian (LQG) control, when combining the former with a Kalman filter (KF) to reduce the number of sensors, is a wellknown technique in current control, its use being reported in state-feedback controllers [20] [21] [22] [23] [24] [25] [26] and in resonant controllers [27] , [28] .
In this paper, a frequency-adaptive multiresonant LQG statefeedback current control based on second-order digital IIR resonators is proposed for the control of grid-connected LCLfiltered VSCs, as depicted in Fig. 1 and detailed in Fig. 2 . In addition, the paper presents design criteria that combine the LQR and the output sensitivity function in order to simplify the design of robust discrete-time multiresonant controllers.
The two main contributions of the paper are first, the combinations of the well-known LQG control paradigm and the frequency-adaptive resonators in order to offer a multiresonant controller robust to grid frequency variations. Second, to provide a design guideline and procedure based on robust control criteria, which, in combination with the LQR technique, offers flexibility in the control structure and automatizes the design of the controller. The LQR technique provides robustness against system parameter uncertainties, while the output sensitivity function criteria provide robustness in the face of grid voltage disturbances as it will be explained in detail in Section IV. Moreover, the use of frequency-adaptive resonators offers system robustness against grid frequency variations.
Other interesting characteristics of the proposed frequencyadaptive controller are
1) The incorporation of supplementary resonator blocks in the controller will not modify significantly the control structure or the design process due to their flexibility. 2) The active damping is implicit [29] , because the degrees of freedom of the proposed full-state feedback controller are equal to the number of poles in the system, so the control can move any pole of the system to any position. The controller can move the LCL-filter resonance inward the unit circle damping the resonance. 3) Designing directly a discrete-time resonator avoids some issues associated with the discretization of the continuous-time resonators. Not considering the computational delay may affect the system performance and stability and an inappropriate discretization process might modify pole and zero mapping, and not guaranteeing infinite gain at the desired frequency and affecting the stability [30] . 4) The proposed frequency-adaptive second-order IIR resonators are implemented as transpose-direct-form-II (TDF-II) and were designed based on the concept of the adaptive-feedforward cancellation (AFC) resonator, in which each resonator introduces a placeable zero, which might increase the robustness [4] . The dc-link voltage controller and the phase-locked loop (PLL), shown in Fig. 1 , are out of the scope of this paper. It is important to remark that their effect on the stability [31] , [32] has been neglected considering that both algorithms have been designed considering narrow bandwidths that limit their influence on the system passivity to a small range of low frequencies where grid instability is unlikely. The PLL is configured to align the q-axis with the point of common coupling (PCC) voltage vector (i.e., e d = 0); therefore, active and reactive powers are controlled by i q and i d , respectively, according to P = e q · i q and Q = e q · i d .
Hereinafter, Section II presents the discrete-time model of the converter. Section III describes the proposed controller. Section IV addresses the adjustment of the control gain. Section V presents a wide number of experimental results. Finally, Section VI concludes the paper.
II. STATE-SPACE LCL-FILTERED VSC MODEL
Assuming the average switch model [33] , the LCL-filter gridconnected VSC shown in Fig. 1 can be state-space modeled in the SRF as 
i 1 = i 1d + ji 1q is the converter-side current, i 2 = i 2d + ji 2q represents the grid-side current, u c = u cd + ju cq denotes the capacitor voltage, u = u d + ju q is the converter average output, e = e d + je q represents the PCC voltage, L 1 and R 1 are the converter-side inductance and resistance, L 2 and R 2 represent the grid-side inductance and resistance, C f is the filter capacitance, ω 1 is the fundamental grid angular frequency, and superscript T denotes transpose.
The state-space model is discretized by the zero-order hold method [34] considering a sample time T s . The discrete-time model of the LCL-filtered VSC is then
where G, H u , and H e matrices are, respectively, the discretized A, B u , and B e matrices. Considering the PCC voltage as a disturbance and modeling the inherent computational delay as an additional states according to
the extended converter model is given by [20] 
with
III. PROPOSED CURRENT CONTROLLER

A. Digital Adaptive-Feedforward Cancellation (AFC)
Considering backward Euler's integrators, the transfer function (TF) of a digital AFC is expressed as [4] 
where ω n is the resonant angular frequency, g n is the gain, and ϕ n is the phase of the resonator. One of the two zeros introduced by the AFC depends on ϕ n and has a direct influence over the robustness of the system. Considering a low g n , phase margin is maximized if ϕ n is similar to the angle of the plant at ω n T s [4] . The AFC can be written in state-space formulation considering the observable canonical form [35] as
B. Multiresonant Servo Controller Structure
The servo controller consists of a state-feedback regulator loop with an outer tracking loop that guarantees null tracking error to references. The proposed multiresonant servo controller is shown in Fig. 2 . The tracking loop includes a dc integrator for null tracking error at ω 1 and a bank of second-order IIR resonators based on the concept of the AFC.
Three-phase loads based on power electronics rectifiers mainly pollute the grid with components of angular frequency ±(6h ± 1)ω 1 [36] , which are reflected as ±6hω 1 in the SRF. The proposed controller includes three IIR resonators tuned at 6ω 1 , 12ω 1 , and 18ω 1 for compensating the harmonics -5th, 7th, -11th, 13th, -17th, and 19th.
The multiresonant state-feedback servo controller shown in Fig. 2 must be expressed in the regulator form [35] in order to apply the LQR technique and obtain the state feedback gain.
The dc integrator consists of two backward Euler integrators and can be state-space modeled as
where ε = ( y r − y) and
The dc integrator contributes to increase the state vector of the system in two additional states
T . The AFC-based IIR resonator for the nth harmonic is statespace modeled as
where
Each IIR resonator adds four additional states to the state vector of the system.
The state-space equations of the multiresonant servo controller are rewritten as
]
T is of length 22 and
K s is obtained from the LQR solution for (17) .
C. Frequency-Adaptive Implementation
Equation (10) corresponds to the TF of a second-order IIR filter described by
The dq-axis AFC-based resonator in (15) is implemented as the dual TDF-II structure shown in Fig. 3 . The only frequency-dependent coefficients are a n 1 and b n 1 , which can be rewritten as
The fundamental grid frequency f 1 is extracted by a PLL algorithm and filtered by means of a cumulative moving average (CMA) filter in order to eliminate oscillatory components. The equation of the implemented CMA filter is
with N = 1000. Coefficients a n 1 and b n 1 (with n = 6, 12, 18) in (24) must be modified according to the variations of the grid frequency in order to guarantee the harmonic rejection capabilities of the proposed current control. Both coefficients imply sinusoidal operations, which might suppose excessive runtime in a direct implementation on the DSP. The optimal option in terms of processing time is to implement each coefficient as a lookup table of precalculated elements. However, that option means a tradeoff between precision and memory requirement. In order to avoid these drawbacks, the proposed online tuning algorithm updates the coefficients a The implemented seven-segment approximation is based on precalculating the gradients of a 
where a
The vectors f , m n a , and m n b are stored in the DSP memory. It is also necessary to store the vectors a n 1 and b n 1 , whose elements a n 1j and b n 1j are equal to a n 1 and b n 1 given by (23) and evaluated with ω n = 2πnf j . In total, 13 vectors of 7 elements are precalculated and stored in the DSP memory. Fig. 4(a) shows in detail the implemented approximation. Fig. 4(c) shows the online tuning algorithm. The approximated coefficients are calculated according tõ (27) in place of (24) is lower than 3·10 -5 in all resonators.
D. Steady-State Kalman Filter
The number of sensors required to implement a state-feedback control is reduced by means of using the so-called steady-state Kalman filter (SSKF), which offers a performance similar to the whole KF while considerably reducing the complexity of the implementation and the computational burden [20] . The combination of LQR solution and KF is known as LQG control. The design of the optimal SSKF is independent of the design of the LQ servo controller according to the separation of estimation and control theorem [37] .
To perform a correct estimation of the state vector, the SSKF must consider the computational delay and the PCC voltage. The model used for the design of the estimator is
where w k is the process noise vector with covariance matrix W , v k is the measurement noise vector with covariance matrix V ,
T , and
The equations of the SSKF are [20] 
after solving the algebraic Riccati equation
Following the procedure described in [20] , the matrices W and V are selected as W = λ · I 6×6 and V = λ · I 2×2 with λ = 1 in order to minimize the estimation bias while keeping an acceptable filtering performance.
IV. ADJUSTMENT OF THE PROPOSED CONTROLLER
The adjustment of the feedback gain might be perceived as a cumbersome task. Some authors have proposed the use of complex techniques such as genetic algorithms [38] or linear matrix inequalities [22] . Kukkola et al. [29] proposed an interesting analytical method based on the direct pole placement to obtain the controller and observer gains in a basic servo controller structure. However, in the case of the proposed multiresonant controller, the complexity of the analytical equations dramatically increases. The attractiveness of the LQR technique is that it transforms the design problem into selecting intuitively the weights of two matrices Q and R, which may facilitate designing controllers with a high number of states. Additionally, although inferior to the well-known stability margins (infinity gain margin and 60°phase margin) in the continuous-time solution, the discrete-time LQR still provides robustness against system parameters uncertainties [39] .
The LQR technique obtains K s in (17) by solving Ricatti's equation that minimizes a quadratic index
where matrix Q weights the importance of the state variables and matrix R weights the actuation variables. The process of choosing the weights can be automatized by using optimization techniques such as particle swarm optimization [23] . However, Wu and Lehn [24] and Huerta et al. [20] proposed guidelines to select the Q and R weights in the multivariable current control of an LCL-filtered VSC. This paper adds some new criteria for the selection of the Q and R weights including the resonant terms and considering the maximum peak of the output sensitivity function as the figure of merit. If considering a one degree-of-freedom (1DOF) feedback scheme [37] , as shown in Fig. 5 , where G u is the matrix of TFs from u dq to i 2dq (G u 
, G e is the matrix of TFs from e dq to i 2dq (G e = C (zI − G) −1 H e ), and K is the matrix of TFs from ε dq to u dq , the output sensitivity function S [37] is defined as
where P is a generalized disturbance signal (P ≡ i
, and L = G u · K is the loop TF. S models the effects of i r 2dq and G e · e dq in the error ε dq , which means that a low value of S implies a good tracking of the reference current and a good rejection to the grid voltage disturbances. Typically, a good robustness indicator [37] is
The selection guidelines in [24] and [20] suggest that the weights associated with the converter and grid currents (q 1 to q 4 ) should be high (beside other weights) and similar to each other. The weights of the capacitor voltage and the computational delays (q 5 to q 8 ) must be almost zero. The weights of the dc integrator (q 9 and q 10 ) should be fairly high, and R is associated with the limitation of the control effort.
In order to determine a criterion to select the weights associated with the resonators, a study has been carried out. It is supposed that the weights associated with each resonator are similar (i.e., it is only necessary to select one weight for each resonator). Fig. 6(a) shows the output sensitivity function of the controlled system for a base set of weights where q 1 = · · · = q 4 = 1, q 5 = · · · = q 8 = 0, q 9 = q 10 = 1, q 11 = · · · = q 14 = 1, q 15 = · · · = q 18 = 1, q 19 = · · · = q 22 = 1, and r 1 = r 2 = 4. Fig. 6(b) shows the output sensitivity functions when varying q 11 (associated with the 6ω 1 resonator). Fig. 6(c) presents the output sensitivity functions when varying q 15 and q 11 = (0.01) 2 . Fig. 6(d) shows the results when varying q 19 and q 11 = (0.01) 2 and q 15 = (0.005) 2 . It can be observed that the weight selection for the resonators is a tradeoff between their bandwidth and the system robustness. Considering that grid codes do not specify harmonic limitation during transient, the recommendation is to select low weights associated with the resonators in order to guarantee robust performance. This is crucial in the 18ω 1 resonator, as can be seen in Fig. 6(d) . The resonance angular frequency of the experimental setup is close to 18ω 1 , so a slow resonator is chosen in order to prevent the interaction between resonator and resonance frequency f res . Fig. 7 shows a study about the damping of the LCL-filter resonance depending on the selected r 1 . It is observed that the damping increases as the chosen r 1 decreases, which means that there is a tradeoff between limiting the control effort (higher r 1 ) and obtaining a greater resonance damping (lower r 1 ).
The design process consists of two LQR stages. After selecting Q and R, K s is calculated by means of the LQR technique considering that the phases of the resonators are ϕ n = 0. K s is recalculated considering that ϕ n is equal to the phase of the system formed by the extended plant (8) and the regulator loop (K r ) at nω 1 .
Considering the parameters listed in Table I , the output sensitivity function obtained for the proposed multiresonant servo controller is shown in Fig. 8 . It can be seen that the output sensitivity function is less than 6 dB for the entire frequency range, which means that the designed controller is robust in the entire frequency range. The multiloop disk gain and phase margin are GM = 8.82 dB and PM = 55.18
• at 895 Hz. Fig. 9 presents a stability analysis based on the position of the closed-loop poles of the converter and the proposed multiresonant LQG servo controller. The poles are inside the unit circle; therefore, the system Kalman filter Fig. 8 . Output sensitivity function of the system considering the parameters listed in Table I . is stable. The zoomed area shows that the controller moves the LCL-filter resonant poles away from the unit circle (i.e., damps the resonance).
V. EXPERIMENTAL RESULTS
The proposed current controller has been evaluated in a VSC operating as a rectifier, although it could be also used in a VSC configured as an inverter. The experimental setup is shown in Fig. 10 and consists of a 2-level 9-kVA LCL-filter VSC interfaced with a programmable ac power source Pacific Power's 345AMX emulating the grid. The proposed current controller has been implemented on a TI DSP TMS320DSK6713. The main control and setup parameters are listed in Table I . The sample frequency is f s = 10 kHz (T s = 100 μs) and the switching frequency is f sw = 5 kHz (T sw = 200 μs). Filter parameters and switching and sampling frequencies were chosen for complying with [36] and considering general guidelines [40] such as the level of reactive, the margin of the dc-link voltage, and the location of the resonance frequency between the switching frequency and the controller bandwidth that provides certain margin against grid impedance variations. The grid voltage has been set to 110 V rms in order to avoid the connection of the output transformer in the ac power source. An additional three-phase coil of the inductance value equal to 50% of L 2 is connected between the power source and the PCC of the converter for the experiments with grid impedance. For the experimental tests, a distorted grid has been configured with THD v = 21.21% and the harmonic content is listed in Table II . A high THD v has been selected in order to test the operation of the proposed controller in an extreme distorted grid scenario. It has been considered that the converter could be also operating connected to a microgrid, where it could be possible that the 5% THD v limitation for network operators is not satisfied. THD v and THD i are calculated up to the 50th harmonic.
Table III(a) compares the relative value of the current harmonics operating under a distorted grid without and with the resonators when i r 2d = 20 A. Without harmonic compensation, the grid current is highly polluted with THD i = 22.10%. After activating the resonators, the harmonic content is significantly reduced and the converter operates with THD i = 2.34% and all the considered harmonics remain within the harmonic limitations according to [36] : 5th and 7th harmonics are below 4%, 11th and 13th harmonics are below 2%, and 17th and 19th harmonics are below 1.5%.
Figs. 11 and 12 evaluate the behavior of the proposed controller under steps of reactive current (i r 2d = 10-20 A ) and active power (P load = 0.5-2.7 kW), respectively. The tests corroborate the correct operation and the fast dynamic of the proposed current control under active power and reactive current steps. Fig. 13 presents the operation of a nonfrequency-adaptive version of the proposed multiresonant LQG servo controller when the fundamental frequency of the grid f 1 changes from 50 to 53 Hz. For the new frequency, the controller is unable to mitigate the current harmonics and operates with THD i = 24.04%. However, the proposed frequency-adaptive multiresonant LQG servo controller compensates the frequency variation after a transient period of time as can be seen in Fig. 14(a) and operates with THD i = 2.65%. The operation of the online tuning algorithm is shown in Fig. 14(b) , where it can be observed that the output of the CMA filter (blue line)f 1 tracks the change in the grid frequency (yellow line) f 1 . The online tuning algorithm is executed with a period T ta = 2 s, as marked by the green arrows, in which the value of the frequency of the tuning algorithm (red line) f t is updated according to f t =f 1 , and therefore, the coefficients defined by (27) are recalculated. The current harmonic spectra of both controllers are compared in Fig. 15 and Table III(b) , where it can be observed that the frequencyadaptive controller mitigates all the considered harmonics below limitations in [36] and operates with THD i below 5%, while the nonfrequency-adaptive controller does not, thus infringing the grid code requirements.
Similar results are obtained for a frequency variation from 50 to 47 Hz. Fig. 16 shows that the nonfrequency-adaptive controller operates with THD i = 19.08%. In contrast, in Fig. 17 , it can be observed that the online tuning algorithm compensates the frequency variation and the converter operates with THD i = 2.49%. Fig. 18 and can be observed as the proposed controller mitigates the grid current harmonic content after connecting the resonators and obtains THD i = 2.54%, substantially lower THD i = 20.91% is obtained when operating without resonators. Fig. 21 shows a simulation with SCR = 10, where the controller correctly tracks a step of reactive current (i r 2d = 10-20 A ). An analysis of (37) as a function of SCR reveals that as SCR approaches 10, which entails f res closer to 900 Hz, S becomes riskily high at 900 Hz (18ω 1 ). Fig. 22(a) shows that the infinity norm of S, and S ∞ presents a maximum (i.e., a point of critical stability) at SCR = 9.72 (f res = 938 Hz). Simulation results have demonstrated that the system becomes unstable when SCR < 9.72. Fig. 22(b) shows that the closed-loop pole of the 18ω 1 resonator goes out the unit circle when SCR < 9.72. Two options can be considered to improve the robustness. If the 18ω 1 resonator is turned OFF under low SCR, the converter is able to operate with SCR = 5 at the cost of deteriorating the power quality. The other option is to modify the values of the LCL filter in order to move f res away from 18ω 1 . Reducing L 1 by 20% moves nominal f res to 1161 Hz and the maximum of S ∞ to SCR = 5.12, as Fig. 22(c) shows. In this way, robustness increases and the controller is able to overcome lower SCR as simulation tests have verified.
The robustness study has been completed with an analysis based on the location of the closed-loop poles of the controlled converter considering L g = 0 and L 1 and L 2 lower than their nominal values L 1,n = 3.4 mH and L 2,n = 1.7 mH. Fig. 23(a) maps the stable region of the controller (blue area) in function of L 1 and L 2 . The controller is stable, while L 1 > 0.3 · L 1,n for any L 2 . Although the SSKF reduces the stable region, as shown in Fig. 23(b) , the system is still stable considering simultaneous Fig. 24 presents the simulation results considering L 1 = 0.9 · L 1,n and L 2 = 0.9 · L 2,n , where it can be observed that the system is stable and operates correctly. Table IV presents the execution time of the different routines implemented on the DSP to operate the converter. It can be observed that the computational burden of the proposed frequencyadaptive multiresonant LQG controller supposes only the 14% of T s , being affordable for any present-day digital control platform commonly used in converter's control.
VI. CONCLUSION
This paper proposed a frequency-adaptive multiresonant current controller for LCL-filtered VSCs. The proposed controller was based on an LQG state-feedback controller, which integrates frequency-adaptive AFC-based IIR resonators in a servo-controller structure and uses a KF to not increase the number of sensors required to perform the control. The proposed frequency-adaptive AFC-based resonators were based on an IIR-filter implementation and an online tuning algorithm.
The two main contributions of the paper are the combinations of the well-known LQG control paradigm and the frequencyadaptive resonators in order to offer a multiresonant controller robust to grid frequency variations, and to provide a design guideline and procedure based on robust control criteria, which, in combination with the LQR technique, offers flexibility in the control structure and automatizes the design of the controller. The experimental results corroborated the performance and robustness of the proposed controller under distorted grid voltages, grid-frequency variations, and grid impedances. Although the implemented controller has not been designed to operate under unbalanced grids, following the proposed LQG control design process and extrapolating the control structure in order to consider the negative sequence, there would be no difficulty in designing a frequency-adaptive multiresonant controller able to compensate unbalanced grid voltages.
